In this paper, we study a predator-prey model with prey refuge and delay. We investigate the combined role of prey refuge and delay on the dynamical behaviour of the delayed system by incorporating discrete type gestation delay of predator. It is found that Hopf bifurcation occurs when the delay parameter τ crosses some critical value. In particular, it is shown that the conditions obtained for the Hopf bifurcation behaviour are su cient but not necessary and the prey reserve is unable to stabilize the unstable interior equilibrium due to Hopf bifurcation. In particular, the direction and stability of bifurcating periodic solutions are determined by applying normal form theory and center manifold theorem for functional di erential equations. Mathematically, we analyze the e ect of increase or decrease of prey reserve on the equilibrium states of prey and predator species. At the end, we perform some numerical simulations to substantiate our analytical ndings.
Introduction
The dynamics of biological systems are being studied from various point of views from last many decades and predator-prey model is one of the most popular area in biological systems [1] - [4] . System of di erential equations with time delays is very important tool to study many models of population interactions [5] - [19] . In general, delay di erential equation exhibit much more complicated dynamics rather than ordinary di erential equations since a time delay can cause a stable equilibrium to become unstable and the population to uctuate. It seems reasonable to assume that the conversion of prey biomass to predator biomass is not instantaneous; rather, there is some time lag for gestation. More realistic and important models of population ecology should be taken into account the e ect of time delay [10, 35] . The stability of an ecological system with time delays has been studied by several authors [6, 8] . Beretta and Kuang [7] and Martin and Ruan [9] have studied the delay models where the delay τ can be regarded as gestation period of predators (which is based on the assumption that the change rate of predators depends on the number of prey and of predators present at some previous time) or reaction time of predation. Recently, Nindjin et al. [14] presented the analysis of a delayed predator-prey model with modi ed Leslie-Gower and Holling-type II schemes. In [10] , Liu et al. discussed a predator-prey model of Bedington-DeAngelis type with maturation and gestation delays. For some other signi cant applications of delay di erential equations in population dynamics, interested readers may refer [5, 6, 11-13, 35, 41] and references cited therein.
The biodiversity of our ecosystem is being regularly threatened due to common practice of over exploitation and extensive harvesting. Hence the issue of "survival of species for a longer time" received lots of attention [20, 27, 29] . Hence the discussion on some suitable measures (improving conditions of their natural habitat, reducing the interaction of species with external agent which led to decrease their numbers, imposing restriction on species harvesting, creating natural reserves, establishment of protected areas etc.) to be adopted becomes natural, to maintain biodiversity of associated ecosystems. One of such suitable measures to prevent over harvesting and exploitation may be the creation of protected covers (refuge) [30] - [37] . In the last few decades, several ecologists and mathematicians discussed the e ect of protected areas on the dynamics of a predator-prey interaction model [21] [22] [23] 26] . In particular, a predator-prey resource model is explained with optimum harvesting policy in [23, 26] . Readers may also refer [21, 22] and references therein for the stability of predator-prey model incorporating prey refuge. The e ects of a protection zone in a di usive predator-prey model have been studied by Du and Shi [28] . In [24, 25, 29] , authors discussed the stability analysis of predator-prey model with Holling type II functional response in a two patch environment: one accessible to both prey and predator (patch 1) and the other one being a refuge for the prey (patch 2). The bifurcation and stability analysis of a temperature-dependent mite predator-prey interaction model incorporating a prey refuge has been carried out by Collings [32] .
Above discussion on time delay, protected area and predator-prey system, make us curious about the question "How does the time delay and prey refuge together a ects the over all dynamics of a predator-prey system ?" [16, 17, 35] . Motivated by this, in this work, we consider the following predator-prey model with modi ed Leslie-Gower and Holling-type II schemes incorporating a refuge protecting mx of the prey and discrete time delay τ:
is a constant and the discrete delay τ > has been incorporated in the negative feedback of predator's density. We establish the existence of Hopf bifurcation at positive equilibrium E * by taking delay as a parameter of bifurcation. Apart from showing the existence, direction and stability of Hopf bifurcation, our main objective is to study the e ect of prey reserve (m) on existence of limit cycle. with the initial conditions x( ) > and y( ) > , where x(t) and y(t) are the prey and predator population densities respectively. Here all the parameters r , r , a , a , b , k and k are positive and we refer to Alaoui and Okiye [39] for their biological meanings. The rst equation of system (1) is standard. However, the second equation is absolutely not standard. It contains a modi ed Leslie-Gower term [39] . The aim of this paper is twofold (i) to present the complete Hopf-bifurcation analysis of the model system 1 (ii) to analyze the e ect of prey refuge and time delay on the dynamics of the model system (1). The rest of the organization of the paper is as follows: The next section deals with mathematical results related to the model system (1) . In particular, we analyze the role of prey reserve in the Hopf-bifurcation analysis of the system. The direction and stability of bifurcating periodic solutions are determined by applying normal form theory and center manifold theorem for functional di erential equations. In the section 3, some numerical simulations are performed to substantiate the established analytical results. Finally, we end the paper with a brief conclusion in Section 4.
Mathematical analysis of the system (1)
Hopf bifurcation: Rewriting the model system (1) as
y(t) = y * + w(t), then linearizing the system (1) about the interior equilibrium solution E * = (x * , y * ), we have
where G = ( 
Here, the coe cients
After some algebraic manipulations, one can show that all the entries of the second row of matrix G and all the entries of rst row of the matrix H are zero. The characteristic equation of system (1) at the positive equilibrium E * is of the form
which leads to the following transcendental equation
Then the above equation takes the following form
When τ = , Eq. (3) becomes
The condition
Here
Hence, the interior equilibrium solution E * is asymptotically stable for τ = i.e. all the roots of Eq. (4) have negative real parts. Then by Rouche's theorem, there exist some value of the delay such that E * changes its stability. Further assume that λ = iη is a root of (3), then the following equation holds
Separating the real and imaginary parts, we obtain
Using ( ) + ( ) , we have a fourth degree algebraic equation in η of the form
The roots of (7) are given by
So, if γ − β < or −δ + α − γ > and (−δ + α − γ) = (γ − β ), then (7) has positive roots when τ takes some critical value. We should notice that γ − β = −(det(G + H)) < . These critical values τ + k of τ corresponding to η+ can be obtained from system (5)- (6) and is expressed by
where k = , , , ... The above analysis can be summarized as follows: (9) and η+ is given by (8) .
Stability and direction of Hopf bifurcation: Now we derive the explicit formulae determining the direction, stability, and period of periodic solutions bifurcating from equilibrium E * at critical values of delayτ by using normal form method and center manifold theorem introduced by Hassard et al. [40] . Throughout this section, without loss of generality, we always assume that system (1) undergoes Hopf bifurcation at the steady state E * for one of the critical values τ =τ j =τ, where j = , , , , ..., and ±iω are the only purely imaginary roots of the characteristic equation at E * .
Let µ = τ −τ. Then µ = is Hopf bifurcation value of the system (1). Using the linear transformationx = x − x * , y = y − y * , andt = τt, and dropping the bars for simpli cation of notation, system (1) yieldṡ
where
Equation (10) can be rewritten as the following functional di erential equation in C = C([− , ), R ) aṡ
where x(t) = (x (t), x (t)) T ∈ R , and Lµ : C → R, F : R × C → R are given respectively, by
and
where ϕ(θ) = (ϕ (θ), ϕ (θ)) T ∈ C, B , B and F(µ, x t ) are de ned as
By the Riesz representation theorem (Hale and Verduyn [42] ), there exist a matrix whose components are bounded variation functions η(θ, µ) : [− , ] → R such that
In fact, choosing
is the Dirac delta function, then (12) is satis ed.
Then the system (11) is equivalent toẊ
where η T denotes the transpose of matrix η.
, (R ) * ), in order to normalize the eigen vectors of operator A and adjoint operator A * , we de ne the following bilinear inner product;
where η(θ) = η(θ, ). Then as usual < ψ, Aϕ >=< A * ψ, ϕ >. From the discussion in the previous subsection and foregoing assumption, we know that ±iωτ are eigenvalues of A( ). Hence they are also eigenvalues of A * . We rst need to compute the eigenvectors of A( ) and A * corresponding to iωτ and −iωτ respectively. We obtain the eigen vectors as
Similarly, assume that q * (θ) = D( , σ)e iŵτ is the eigenvector of A * corresponding to −iŵτ. Then we obtain
To ensure that < q * (s), q(θ) >= , we computeD as (24) such that < q * (s), q(θ) >= , and < q * (s),q(θ) >= . Now, we compute the coordinates to describe the center manifold C at µ = . Let X t be the solution of (19) when µ = , and de ne
On the center manifold C , we have
z,z are local coordinates for the center manifold C in the direction of q * andq * . Note that W is real if X t is real, we consider only real solutions. For the solution X t ∈ C of (19) . since µ = , theṅ
It can be rewritten asż
Solving for g(z,z), we obtain
On solving for g(z,z) and comparing the coe cients with (28), we get
Similarly solving for W (θ) and W (θ), we obtain
T are constant vectors computed as
Thus W (θ) and W (θ) can be computed and thus g can be determined. Hence, we can compute the following:
These expressions describe the behaviour of the bifurcating periodic solutions in the center manifold of system (1) at critical valueτ, and for Re dλ(τ) dτ > can be stated as below;
Theorem 2.3. 1. The sign of µ determines the direction of Hopf bifurcation: if µ > (µ < ), then the Hopf bifurcation is supercritical (sub-critical) and bifurcating periodic solution exists for τ >τ (τ <τ); 2. β determines the stability of the bifurcating periodic solution; the bifurcating periodic solutions is stable(unstable) if β < (β > ); and 3. T determines the period of bifurcating periodic solution: the period increases if T > , otherwise decreases.
In the numerical simulation part, we will discuss the e ect of prey reserve m on the delay induced Hopf bifurcation behaviour of the model system (1).
Numerical simulations
Here we consider the following model system:
The model system (38)- (39) has one interior equilibrium point given by E * = ( . , .
). Using (7) and (9), corresponding to this equilibrium point, it can be easily computed that η = .
and the critical delay isτ = .
. The computer simulations show that E * = ( . , . ) is asymptotically stable for τ = . <τ = .
(see Figures 1(a) and 1(b) ) As delay parameter τ crosses this value of critical delay, E * = ( . , . ) loses its stability and Hopf bifurcation comes into existence, i.e. a family of periodic solutions bifurcate from E * . When τ = .
>τ, E * becomes unstable, which has been depicted clearly in the Figures 2(a)-3(b) . (38)- (39) with τ = . <τ = .
. The positive equilibrium E * = ( . , .
) is asymptotically stable with initial value x( ) = . , y( ) = . . . From the calculations performed in Section 2, the corresponding values obtained are given as: q( ) = ( , .
−
+ . i. Furthermore, using Theorem 2.3, we have c ( ) = − .
+ . i, µ = . > implying that the Hopf bifurcation is super-critical and the bifurcating periodic solution exists for τ >τ; β = − .
< showing that the bifurcating periodic solution is stable with decreasing time period given by T = − .
. The Figure 4 shows that the bifurcating periodic solution is orbitally asymptotic stable. ). The trajectories of the associated non-delayed system corresponding to the system (1) approaches to the positive equilibrium E * .
Furthermore, keeping all other parameters xed and τ <τ = .
, value of m (prey reserve) has been varied to check how the system behaves with respect to change in value of m. From Table 1 and Figures 5-6 , it can be interpreted that the equilibrium value of predator population (y * ) decreases, whereas the interior equilibrium value of prey population (x * ) increases with increase in m. Moreover, the Figures 5-6 also ensure that the prey reserve m is unable to destabilize the delayed model system (38)-(39) for the delay value τ = . <τ. 
. . . Furthermore, to investigate the e ect of prey reserve m, on the delay induced instability, we consider the following three sets of parametric values corresponding to the delayed system (1) (with and without prey reserve). Let
The system (1) corresponding to the parametric values given in (40) has a positive equilibrium E * ( . , . 
The Figures 8(a) and 8(b) show that for the parametric values given in (41) , the model system (1) exhibits periodic solution around the interior equilibrium E * . In this case, the prey species exhibit small oscillation in comparison of predator species. Finally we consider
The Figure 9 (a) shows that for the parametric values given in (42) , the model system (1) still exhibits periodic solution around the interior equilibrium E * . The Figure 9(b) shows that for the same parametric values as given in (41) except m = . , the predator species still exhibits periodic oscillations with comparatively small amplitude around the interior equilibrium E * , while the prey species get stabilized. Here one can observe that the condition (40) and (41). This con rms that the parametric values given in (40) and (41) 
Discussion
In this paper, we have proposed and analyzed a delayed mathematical eco-system (1) which addresses the combined e ects of predator response to prey and prey response to predators (prey refuge) on the dynamics of the predator-prey interaction. Theorem 2.2 ensures that after a threshold value of prey reserve m > − b k r , the delayed model system (1) undergoes into local Hopf bifurcation as the delay parameter τ crosses some critical valueτ. In section 2, by applying normal form theory and center manifold theorem, the stability and direction of Hopf bifurcating periodic solutions have been investigated. Applying Theorem 2.3, the numerical simulations ensures that the Hopf bifurcation is supercritical and the bifurcating periodic solution exists for τ >τ. It also establishes that the bifurcating periodic solution is stable (as β = − . < ) with increasing time period given by T = .
. Oscillatory coexistence of all the populations involved in the model system (1) is ensured whenever the model parameters satisfy the su cient conditions for the periodic coexistence. With the help of numerical examples, we have established that in some situations oscillatory coexistence is possible although the parametric values fail to satisfy the periodic co-existence conditions (parametric values given in (41) ).
The existence of refuges can have important e ect on the coexistence and stability of predator-prey system. It is shown numerically that the prey reserve leaves positive e ect on the stability of E * . The theoretical and numerical analysis of the considered systems, reveal the following conclusions:
(i) The equilibrium prey density increases with prey reserve m while equilibrium predator density decreases with increase in prey reserve. Our results are in contrast with those of Ma et al. [38] . (refer the Table  1) (ii) Our results also show that the e ect of prey refuge plays an important role in determining the stability of the interior equilibrium solution (E * ). The refuge used by prey can stabilize the interior equilibrium point (stabilizing e ect).
(iii) The simulation results (Table 1 and the Figures 5-6 ) ensure that any value of prey reserve m, is unable to destabilize the delayed model system (1) for τ <τ.
(iv) It is also shown that for higher value of prey reserve m, the predator species exhibits periodic oscillations with comparatively small amplitude around the interior equilibrium E * , while the prey species get stabilized. Thus the prey reserve m is unable to stabilize the delay induced instability and the result obtained for the model system (1) is in contrast with the result obtained in [35] .
In this study, we have investigated the combined e ect of prey refuge with only one discrete delay. Another important task may be to consider similar type of interaction model having more than one delay.
